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We analyze the two-dimensional photoelectrons momentum distribution of Ar atom ionized by
midinfrared laser pulses and mainly concentrate on the energy range below 2Up. By using a general-
ized quantum trajectory Monte Carlo (GQTMC) simulation and comparing with the numerical so-
lution of time-dependent Schro¨dinger equation (TDSE), we show that in the deep tunneling regime,
the rescattered electron trajectories plays unimportant role and the interplay between the intra-
cycle and inter-cycle results in a ring-like interference pattern. The ring-like interference pattern
will mask the holographic interference structure in the low longitudinal momentum region. When
the nonadiabatic tunneling contributes significantly to ionization, i.e., the Keldysh parameter γ ∼ 1,
the contribution of the rescattered electron trajectories become large, thus holographic interference
pattern can be clearly observed. Our results help paving the way for gaining physical insight into
ultrafast electron dynamic process with attosecond temporal resolution.
PACS numbers: 32.80.Wr, 33.60.+q, 61.05.jp
I. INTRODUCTION
Atomic photoionization under intense laser irradiation
is a fundamental process in strong-field light-matter in-
teraction. The physical picture is understood by the sim-
ple man’s model [1]. Within this model, the electron
is released first from its parent atomic core by ioniza-
tion, then is accelerated in the laser field and redirected
to the parent ion, and finally re-collides with the par-
ent ion. Usually, the ionization process is divided into
two regimes: multiphoton ionization and tunneling ion-
ization. The Keldysh parameter, γ =
√
Ip
2Up
(Ip is the
ionization potential, and Up =
I
4ω2 denotes the pondero-
motive energy, where I is the laser intensity and ω is the
angular frequency), is an indicator as to distinguishing
these two ionization regimes [2]. When γ is much less
than 1, the ionization process is in the tunneling regime,
where quasi-static approximation is valid. When γ is
much larger than 1, it is in the multiphoton ionization
regime. When γ ∼ 1, it is considered to be a transition
from the tunneling regime to the multiphoton regime,
and the barrier in the combined Coulomb and laser field
potential changes significantly during tunneling [3].
Interference is a very important concept of coherent
matter waves which has been extended successfully to
explore highly nonlinear quantum-mechanical phenom-
ena in strong-field light-matter interaction. The interfer-
ence of the two electron wave packets (EWPs) ionized
with exactly one optical cycle relative delay reaching the
same final momentum gives rise to above-threshold ion-
ization (ATI) rings, i.e., the intercycle interference, that
are spaced by the energy of one photon in photoelectron
spectrum. In addition to the intercycle interference, a
temporal double-slit pattern can be verified as signature
of EWP interference emitted from the successive max-
ima of the absolute value of the electron field, which is
the intracycle interference [4, 5]. The interference pat-
tern of the interplay between intra- and intercycle in-
terferences in multicycle photoelectron spectra has been
identified as diffraction pattern for a time grating [5–9].
Recently, a holographic structure has been observed in
photoionization and it is demonstrated to be the inter-
ference between the direct and rescattered EWPs ionized
within the same quarter-cycle of the laser pulse [10–15].
In the total photoelectron momentum distribution spec-
trum, all these interference processes will interplay with
each other, and various interference patterns will mix to-
gether. As a result, establishing an unambiguous one-to-
one relationship between certain interference pattern and
the corresponding electronic dynamic process is essential
for retrieving the information of electronic dynamics from
the measured photoelectron momentum spectrum.
On the other hand, with the development of intense
mid-IR sources, experimental probing deep into the tun-
neling regime has become possible. Using a high rep-
etition rate OPCPA, Keldysh parameters approaching
γ ∼ 0.1 can be achieved [16]. In this regime, unexpected
low energy structure, very low energy structure, and even
zero energy structure have been observed [17–20]. All
these experimental results and the following theoretical
analysis greatly advances people’s understanding in this
field. In the original paper of strong-field photoelectron
holography, tunneling ionization had been assumed to be
essential for the holographic interference (in that exper-
iment, γ = 0.76) [10]. Subsequently, further investiga-
tions indicated that the holographic interference pattern
can also be observed under the conditions belong to the
2multiphoton regime (γ > 1) [11]. However, whether the
photoelectron hologram can be observed in deep tunnel-
ing regime (i.e., γ ≪ 1) has not yet been analyzed.
In the present work, we analyze the photoelectron an-
gular distributions (PADs) in atomic ATI with midin-
frared laser pulses. A profound ring-like interference pat-
tern is identified by both of time-dependent Schro¨dinger
equation (TDSE) and generalized quantum-trajectory
Monte Carlo (GQTMC) simulations in the deep tunnel-
ing regime. Within the description of the GQTMC, the
ring-like interference pattern is demonstrated to be the
superposition between the intra- and inter-cycle interfer-
ence. The center of the ring-like interference pattern lies
in where separations between adjacent temporal double-
slit interference fringes are nearly the same as those of the
ATI rings. Moreover, Coulomb potential plays a negli-
gible role on the formation of the ring-like interference
pattern. The existent of the ring-like interference pat-
tern will mask the holographic interference pattern in
the low final longitudinal momentum range, so that the
holographic interference pattern can only be observed in
the high final longitudinal momentum range. As a re-
sult, we identify that deep tunneling is not a appropriate
condition for observing the holographic interference pat-
tern. In the nonadiabatic regime, the contribution of
the rescattering electron trajectories will increase, so the
holographic interference will be clearly observed.
This paper is organized as follows. In Sec. II we in-
troduce the theoretical methods including the numerical
solutions of the TDSE and the GQTMC model. In Sec.
III, firstly, we show different characteristics of the inter-
ference structures in PADs in different laser parameter
regions using the TDSE and GQTMC simulations. Sec-
ondly, the underlying mechanism of the ring-like pattern
is discussed based on the GQTMC method. Moreover,
the intra-, intercycle interference and the Coulomb po-
tential effects on the interference pattern are discussed.
We summarize our results and conclude in Sec. IV.
II. THEORETICAL MODELS
In this section, we summarize the numerical solution
of the TDSE and the GQTMC method. The numerical
solution of the TDSE is considered to be exact and can
be used as a benchmark for assessing the validity of the
GQTMC method.
The numerical solution of the time-dependent
Schro¨dinger equation
We consider an atom interacting with a linearly polar-
ized laser field within the single active electron approxi-
mation. The electric field of the laser pulse is
E(t) = E0f(t)cos(wt)zˆ, (1)
where zˆ is the laser polarization direction, with f(t) the
pulse envelope function. E0 is peak field strength. We
solve the atomic TDSE
i
∂
∂t
Ψ(r, t) = {p
2
2
+ p · A(t)+V(r)}Ψ(r, t). (2)
Here, p is the momentum, V(r) is the atomic potential
of Ar, A(t) = − ∫ t0 E(t′)dt′ is the vector potential, and
r the position of the electron. The exact time evolu-
tion of the wave function Ψ(t) is evaluated by using the
split-operation method in energy representation [21, 22].
The space is split into two parts, i.e., the inner and
outer region where the atomic potential becomes neg-
ligible compared to the kinetic energy. When the time-
dependent wave function in space reaches the outer re-
gion, we project the outer region wave function on Volkov
states to obtain the momentum distribution [13, 23].
The generalized quantum trajectory Monte Carlo
method
To explore the physical reason of the TDSE results, we
apply a GQTMC method [15] based on the nonadiabatic
ionization theory [24, 25], classical dynamics with com-
bined laser and Coulomb fields [26–28], and the Feyn-
man’s path integral approach [29, 30]. The ionization
rate is given as:
Γ(t) = N(t) exp(−E
2
0f
2(t)
ω3
Φ(γ(t), θ(t))), (3)
where θ(t) is the phase of the laser electric field. For con-
venience of analysis, the laser pulse envelope f(t) is half-
trapezoidal, constant for the first four cycles and ramped
off linearly within the last two cycles. The preexponen-
tial factor is
N(t) = An∗,l∗Bl,|m|(
3κ
γ3 )
1
2CIp(
2(2Ip)
3/2
E(t) )
2n∗−|m|−1
(4)
κ = ln(γ +
√
γ2 + 1)− γ√
γ2+1
where the coefficient An∗,l∗ and Bl,|m| coming from the
radial and angular part of the wave function, are given
by Eq.(2) of Ref. [24]. C = (1 + γ2)|m|/2+3/4Am(ω, γ)
is the Perelomov-Popov-Terent’ev correction to the qua-
sistatic limit γ ≪ 1 of the Coulomb preexponential
factor with Am given by Eqs. (55) and (56) of Ref.
[25]. The tunnelled electrons have a Gaussian distri-
bution on the initial transverse momentum Ω(vjr , t0) ∝
[vjr
√
2Ip/|E(t0)|] exp[
√
2Ip(v
j
r)
2/|E(t0)|].
The coordinate of the tunnel exit shifts toward the
atomic core due to the nonadiabatic effects [25], and the
3tunnel exit point is
Z0 =
2Ip
E(t0)
(1 +
√
1 + γ2(t0))
−1 (5)
Thereafter, the classical motion of the electrons in the
combined laser and Coulomb fields is governed by the
Newtonian equation:
d2
dt2
r = −E(t)−▽(V(r)). (6)
According to the Feynman’s path integral approach, the
phase of the jth electron trajectory is given by the clas-
sical action along the trajectory
Sj(p, t0) =
∫ +∞
t0
{v2p(τ)/2 + Ip − 1/|r(t)|}dτ (7)
where p is the asymptotic momentum of the jth electron
trajectory. The probability of each asymptotic momen-
tum is determined by
|Ψp|2 = |
∑
j
√
Γ(t0, v
j
r)exp(−iSj )|2. (8)
With GQTMC method, as showing in the following
section, one can reproduce the TDSE results and extract
all the information about the electron trajectory includ-
ing the initial ionization phase and velocity. Moreover,
by GQTMCmethod, one can reconstruct momentum dis-
tribution with the photoelectrons from special subcycle
time windows, which is in favour of exploring the inter-
ference and Coulomb potential effects.
III. RESULTS AND DISCUSSION
Using the TDSE [Figs. 1 (a) and (c)] and GQTMC
[Figs. 1 (b) and (d)], we have calculated PADs of
ionization from Ar atom in linearly polarized laser
fields with different laser parameters (1850 nm, 1.05 ×
1014W/cm2, corresponding to γ = 0.48, and 1300 nm,
0.4 × 1014W/cm2, corresponding to γ = 1.11). The
GQTMC simulations agree well with the TDSE results
in both of the tunneling ionization regime and the transi-
tion regime. Both of the TDSE and GQTMC simulations
show that, in the tunneling ionization regime, in addi-
tion to the ATI rings which center at zero, another ring-
like interference pattern centers at about pz ∼ 0.56a.u.
and pr = 0 can be clearly observed. However, in the
transition regime where γ ∼ 1, the ring-like interference
pattern disappears, whereas the holographic “fork” in-
terference structure can be identified in the PADs. Next
we will discuss the physical mechanism of the ring-like
interference pattern and the conditions required for the
appearance of these different interference patterns.
With the help of the GQTMC back analysis of the
PADs, we can disentangle different contributions of pho-
toelectrons emitted from different time windows and an-
alyze the interplay among them. We find the photoelec-
trons contributing to the ring-like fringes come from at
least three sub-cycle time windows, which are labeled as
A, B and C in Fig. 2(a). It is found that in the time win-
dows A or B, there are two kinds of typical trajectories:
the rescattering trajectory (trajectory R in Fig. 2(b))
and the so-called indirect trajectory (trajectory ID in Fig.
2(c)). The main distinction between these two kinds of
trajectories lies in that the wave packet of the trajectory
ID does not interact with the parent ion when it comes
back close to z = 0. The interference between these two
types of trajectories from single A or B will induce the
fork-like holographic interference pattern. In window C,
there is only one kind of typical trajectory: direct trajec-
tory (trajectory D in Fig. 2(d)). It has been well-known
that the intercycle interference of EWPs liberated with
a relative time delay of one optical cycle (for example,
the interference between EWPs coming from window A
and B) will induce a series of ATI rings separated by
one photon energy. While the intracycle interference of
EWPs from window A and C induces a temporal double-
slit interference pattern which has been studied both ex-
perimentally and theoretically [4].
Fig. 3 shows reconstructed photoelectron momentum
spectra from different kinds of interference. Figs. 3(a)
and (d) show the temporal double-slit interference pat-
tern reconstructed with EWPs released from time win-
dows A and C; Figs. 3(b) and 3(e) are the ATI interfer-
ence pattern reconstructed with EWPs from time win-
dows A and B; whereas Figs. 3(c) and (f) are photo-
electron spectra reconstructed with EWPs released from
all these three time windows A, B, and C. One can see
that, compared with the outgoing ATI rings, the tempo-
ral double-slit interference pattern is a ring-like structure
centered a much higher final momentum pz. Moreover,
the separations of neighbor ring-like fringes are unequal
and, on the contrary to the ATI rings, gradually increase
with energy in the momentum distribution map.
To show more clearly the influence of the Coulomb po-
tential, we further present in Fig. 4 the results without
considering the Coulomb potential. Comparing with Fig.
3, we can see that the impact of the Coulomb potential
is reflected mainly in: (i) it distorts substantially the
PADs in the low momentum ranges; (ii) it introduces the
rescattered trajectory, i.e., the trajectory R. Without the
Coulomb potential, the trajectory R will not exist, and
so does the holographic interference. In both Figs. 3(a)
and 3(b), the holographic interference structures can be
hardly seen, which means that the contribution of trajec-
tory R is quite small under the laser condition γ = 0.48.
Most interestingly, when we reconstruct the momentum
distribution of photoelectrons from all the three windows,
the ring-like interference pattern comes out in both cases
4FIG. 1: (color online). Simulated two-dimensional photoelectron momentum spectra of Ar atom. Left panel: TDSE results;
right panel: GQTMC simulations. (a)-(c): γ = 0.55, I = 7.0 × 1013 W/cm2, λ = 1700 nm. (d)-(f): γ = 1.11, I = 1.5 × 1013
W/cm2, λ = 1700 nm.
FIG. 2: (color online). Upper row (a): The electric field of laser. Lower row:(b) the collections of typical trajectory R,(c) the
collections of typical trajectory ID,(d) the collections of typical trajectory D.
with and without considering the Coulomb potential (see
Fig. 3(c)and Fig. 4(c)], demonstrating that the Coulomb
potential and the so-induced trajectory R play an negli-
gible role in this interference structure.
In the case of γ = 1.11, the situation is quit differ-
ent. The contribution of trajectory R can already be dis-
cerned in the intracycle temporal double-slit interference
structure. In the intercycle interference photoelectron
momentum distribution (see Fig. 3 (e)), both the fork-
like holographic interference pattern along with the ATI
rings can be clearly distinguished. Remarkably different
from the case of γ = 0.48, the momentum distribution
of photoelectrons from these three windows cannot form
ring-like structure. On the contrary, the holographic in-
terference structure can be clearly observed (see Fig. 3
(f)). This demonstrates that the rescattered trajectory
R indeed contributes importantly to holographic interfer-
ence in the total photoelectron momentum distribution
in this laser condition.
The above analysis can be further demonstrated by
5FIG. 3: (color online). Reconstructed photoelectron momentum spectra with EWPs from different time windows: (a) and (d)
with EWPs from time windows A and B; (b)and (e) with EWPs from time windows A and C; (c) and (f) with EWPs from
time windows A, B, and C. (a)-(c):γ = 0.48. (d)-(f): γ = 1.11.
FIG. 4: (color online). Same with Fig.3 but without considering the Coulomb potential.
FIG. 5: (color online). (a) and (e) present zooms into Figs. 3(a) and (d) with 3 sampling points indicated. (b-d) and (f-h)
show the probabilities of the summed trajectories Ψp in the complex plane.
6FIG. 6: (color online). Same with Fig. 5 but for three sampling points in Figs. 3(b) and (e).
the statistical trajectory-based analysis in the complex
plane [31]. Figs. 5(a) and (e) present zooms into Figs.
3(a) and (d). Figs. 5(b-d) and (f-h) show the proba-
bilities of the trajectories Ψp in the complex plane (the
radius represents the weight |
√
Γ(t0, v
j
r)| and the angle
represents the phase Sj of each trajectory) for 3 sampling
points indicated in Figs. 5(a) and 5(e), respectively. Fig.
6 shows the same analysis but for the intracycle inter-
ference (Figs. 3 (b) and (e)). It can be seen that for
each sampling points in the intracycle interference pat-
tern, there are three arcs which correspond to the three
different kinds of electron trajectories (trajectories D, ID
and R), whereas for intercycle interference, only two arcs
corresponding trajectories D and R contribute to the in-
terference pattern. The outermost arc corresponds to the
rescattered trajectory R. When the two arcs align in the
same direction, constructive interference occurs, other-
wise, the opposite alignment leads to destructive inter-
ference. By comparing the two cases with different laser
conditions, we can see that, for γ = 0.48, the number of
the rescattered trajectory R is greatly reduced. On the
contrary, for γ = 1.11, the rescattered trajectory R con-
tributes greatly to the total momentum spectrum. As a
result, holographic interference structure can be clearly
distinguished from the the total momentum distribution
spectra (see Figs. 1 (c) and (d)). All these are consistent
with the above analysis. Therefore, we can conclude that
the rescattered trajectory R is very vital: when the con-
tribution of rescattered trajectory R increases, the holo-
graphic interference pattern will be clearly visible, oth-
erwise, the ring-like interference structure will be formed
due to the interplay between the intracycle and intercycle
interference of direct and indirect electron trajectories.
Since the Coulomb potential plays an negligible role
in the ring-like interference, to shed more light on the
physical origination of the ring-like interference pattern,
our further analysis will be based on our GQTMC simu-
lations without considering the Coulomb potential. Figs.
7(a),(b) and (c) show the temporal double-slit interfer-
ence patterns, ATI rings, and the total momentum dis-
tribution spectrum, respectively. The red lines indicate
the momentum spectrum for pr = 0. We find that at
small momentum range (i.e., pz < 0.56a.u.), the separa-
tions between adjacent temporal double-slit interference
fringes are smaller than those of the ATI rings, as a re-
sult, the total photoelectron spectrum clearly shows the
modulation of the intracycle double-slit interference by
the intercycle interference. At around pz ∼ 0.56a.u., the
separations between adjacent temporal double-slit inter-
ference fringes are nearly the same as those of the ATI
rings. In the total momentum distribution spectrum,
this forms the center of the ring-like interference pat-
tern. Above this momentum region, the separations of
temporal double-slit interference fringes are larger than
those of the ATI fringes, so the double-slit interference
fringes are imprinted a modulation envelope of the ATI
fringes. We collect the phases of indirect and direct elec-
tron trajectories from time windows A, B and C result-
ing in the ring-like pattern, and found that the phase
difference between electron trajectories from A and B is
approximately equal to that from A and C, which con-
firms the above analysis of Fig. 7. In ref.[6], it has been
shown through a 1D “simple man’s” model that the en-
ergy separation between adjacent peaks will reach a max-
imum and then decrease with increasing photoelectron
energy. It means that with increasing pz, there will be
more than one chance that the separations between ad-
jacent fringes for the two interference processes become
nearly the same, and so there would be more than one
ring-like interference structures in the total momentum
distribution spectrum if the scattered trajectory R do not
contribute significant.
In Fig. 8, we further show the TDSE simulation with
7FIG. 7: (color online). (a)temporal double-slit interference patten, (b) ATI rings, (c) the total momentum distribution spectrum
reconstructed with EWPs from three time windows A, B and C. The red lines indicates the momentum spectrum for pr = 0a.u.
FIG. 8: (color online). TDSE simulation in deep tunneling regime: γ = 0.28, I = 2.76× 1014 W/cm2, λ = 2000 nm.
laser conditions of γ = 0.28 which is in the deep tunnel-
ing regime. It can be seen that below pz ∼ 2a.u., there
are several ring-like interference structures, which means
that the direct and indirect electron trajectories play a
dominant role on the total momentum distribution spec-
trum, and the interplay between the intracycle and in-
tercycle interferences induces these ring-like interference
patterns. Such ring-like interference pattern will blur
the fork-like holographic interference structure which can
only be clearly visible at larger pz.
8IV. CONCLUSION
In conclusion, we have theoretically investigated
2D photoelectron momentum distributions in different
Keldysh parameter regimes. We found in deep tunnel-
ing regime, profound ring-like interference pattern can
be observed. We have identified that the ring-like in-
terference pattern is induced by the interplay between
the intra- and inter-cycle interference of electron trajec-
tories. The center of the ring-like interference pattern lies
in where separations between adjacent temporal double-
slit interference fringes are nearly the same as those of the
ATI fringes, which records electron dynamic information
on attosecond sub-cycle resolution. The appearance of
ring-like interference pattern implies that the rescattered
electrons play a negligible role. The holographic inter-
ference pattern can only be visible at larger pz, where
the contribution of the rescattered electrons can be dis-
cerned. In the nonadiabatic tunneling regime, the effect
of Coulomb potential will increase, so the contribution
of the rescattered electron trajectories will increase, and
the holographic interference pattern can be clearly dis-
tinguished. Our results indicate that the deep tunneling
is not a appropriate condition for observation of the holo-
graphic interference which is more clearly visible near the
nonadiabatic regime.
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